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We propose an implementation of the quantum XOR (controlled-NOT) gate on the basis
of coupledasymmetricquantum dots. Results of our numerical simulations show that the
coupling constant of the dipole–dipole interaction and the probability of spontaneous emis-
sion can be tuned over a wide range by a proper choice of the potential profile, material
parameters, and distances between the dots. We argue that the use of the asymmetric po-
tential profile provides better conditions for having the Ising-type interaction between the
dots than earlier proposed schemes based on regular symmetric quantum dots biased with
an electric field. Our system gives better resolution of different quantum states, avoids any
undesirable time evolution of these states, and can be driven with a femtosecond laser. The
qubit manipulation and time coherency requirements are also discussed.
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1. Introduction

Development of quantum computation schemes has led to many proposals of potentially realizable quantum
computers based on various physical systems. Among the most well-known are quantum computers that
utilize laser-trapped ions [1], nuclear magnetic resonance (NMR) systems [2], all-optical logic gates [3],
Josephson junctions [4] and semiconductor nanostructures [5]. Successful experimental demonstrations of
one and two qubit computers were reported for laser-trapped ion systems [6] and NMR systems [7]. The
progress in theoretical and experimental development of quantum logic gates on the basis of semiconductor
nanostructures has been far short of these systems. This is primarily due to the difficulties in fabrication of
high quality quantum dot arrays with a number of almost identical dots, and the decoherence problem [8]
which is inherently more severe for solid state systems [9]. On the other hand, if these problems are overcome,
the quantum computer based on semiconductor quantum dots offers an attractive alternative to other physical
implementations due to its compactness, robustness, and the larger number of qubits which can be realized
[10]. Some of these advantages were discussed previously in the context of nanoelectronic architecture for
Boolean logic gates [11, 12]. Another important advantage of the quantum dot implementation is that further
development can make use of well-developed conventional semiconductor technology [13].

In this paper we propose a solid state implementation of the quantum XOR gate (also called controlled-NOT
gate) based on coupledasymmetrical quantum dots. We present a feasibility study of this implementation which
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includes calculation of the coupling constants and the decoherence time. The rest of the paper is organized as
follows. The gate structure and its operation are outlined in Sections 2 and 3, respectively. In Section 4, we
present numerically calculated charge density distributions and coupling constants in asymmetric quantum
dots. These results are followed by a discussion and comparison with other implementations. Evaluation of
the decoherence processes associated with our structure is presented in Section 5. Conclusions are given in
Section 6.

2. Gate structure

A classical controlled-NOT gate is a two-bit operator, in which the first bit is the control and the second bit
is the target. Its operation or the truth table can be written as follows.

C N := |00〉〈00| + |01〉〈01| + |10〉〈11| + |11〉〈10|. (1)

Here, if the control bit is in the state|0〉, the target bit does not change its value after the action of the gate, but
if the control bit is in the state|1〉, the target changes its value after the action of the gate (the last two terms of
eqn (1)). Since this gate is logically and physically reversible, it is in principle capable of quantum computing
[5, 14]. In order to do this, the gate must act on superpositions of bits (qubits) and coherently transform them
in accordance with the rulea|00〉+b|11〉 → a|00〉+b|10〉. Here each member of the quantum superposition
transforms according to the classical rule for the gate. Such a gate is conventionally called the quantum XOR
gate.

We propose an implementation of the XOR gate with the computational basis states,{|0〉, |1〉} formed by
the ground and the first excited states of two semiconductor single-electron quantum dots. Application of a
π/2 pulse or some other fractions of aπ pulse will place the gate into a coherent superposition of two states
|0〉 and|1〉 thus allowing for initial preparation of a qubit. Owing to the asymmetry of the confining potentials
of the two dots and their corresponding uneven charge distributions, the dipole momentspgroundand pexcited
are induced in the ground and excited states,|0〉 and|1〉, respectively (since the dipoles are parallel, we do
not use the vector notation). These dipoles are defined as

pi =
∫ W/2+1

−W/2−1
9i z9

∗
i dz, (2)

wherez is the axis along the growth direction (see inset to Fig. 1),W is the size of the dot along thez-axis,
9 is the electron wavefunction,1 is the maximum wavefunction barrier penetration depth, and the indexi
denotes either thegroundor excitedstates of the same dot.

The conditional dynamics of the two-dot structure is achieved via dipole–dipole interaction between two
neighboring dots as in Ref. [5]. The first quantum dot with resonant energyh̄ωc (the transition energy between
states|1〉 and|0〉) acts as the control qubit while the second dot with resonant energyh̄ωt acts as the target
qubit. The gate is driven optically by application of a proper train ofπ/N pulses (N is some positive number)
which allow one to prepare the qubits, perform Hadamard transfers, and other operations needed for quantum
computing [15].

The asymmetry of the potential well has an effect similar to that of applying an electric field [5] while
allowing for more degrees of freedom. Control of the potential profile provides better tuning capabilities for
dipole moments, so that dipoles of the computational basis states can be made exactly equal in their absolute
values while opposite in their signs

pground= −pexcited. (3)

The latter is required to have a desirable Ising-type coupling interaction between the dipoles of the two dots.
Moreover, we will argue that it is extremely difficult if not impossible to meet the requirement of eqn (3) in
symmetric quantum dots for realistic values of material parameters and a biasing electric field. In principle,
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Fig. 1.Structure of the single-electron asymmetric quantum dots. Inset shows an example of the potential profile of a quantum dot along
the growth direction.

conditional quantum dynamics with the resonant frequency of one dot depending on the neighboring dot’s state
can be built from any such dots brought close together in the Coulomb interaction range [10, 16]. But it turns
out that in order to have a better resolution of different quantum states and to avoid any undesirable evolution
of these states, it is better to construct a system which can be described by an Ising-type interaction [14].

The proposed structure can be implemented using state-of-the-art technology of quantum dots which
can be fabricated in a vertical configuration [17, 18]. Specifically, we will consider an AlxGa1−xAs/GaAs
vertical quantum dot structure containing a tunable number of electrons. Experimental demonstrations of such
structures containing from zero to 50 electrons were reported in Refs [19, 20]. By controlling the potential
profile of the dots along the growth direction, one can adjust the system in such a way that the condition of
eqn (3) holds true [21]. An example of a prototype structure with the desirable potential profile is shown in
Fig. 1. The gate bias which is required for localization of one electron in the dot structure is of the order of
|VG| = 0.1–0.7 V. The electric field induced by this bias will tilt the potential profile shown on Fig. 1, but
will not introduce any significant change in the values of the dipoles as will be shown in Section 4.

3. Operation of the gate

To a good approximation, the Hamiltonian of noninteracting quantum dots commutes with the Hamiltonian
of the dipole–dipole interaction̂Vint , which can be written as

V̂int|n, k〉 = (−1)n+k+1h̄(J/2)|n, k〉, (4)

whereh̄ is Plank’s constant;n = 0,1 denotes the state of the control qubit (the first dot);k = 0,1 denotes
the state of the target qubit (the second dot); and the constant of the dipole–dipole interaction is given by

h̄ J = pc pt

2πε0εr R3 , (5)
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Fig. 2.Energy levels of two dipole–dipole interacting quantum dots. It is assumed that|ωc| > |ωt |.

where R is the distance between the dots,ε0 andεr are the vacuum and relative dielectric permittivities,
respectively. Throughout the paper, the subscriptsc and t refer to the control and target qubits (or dots),
respectively. One can see from eqns (4) and (5) that the system of interacting dipoles can be described by
the Ising-type interaction where the dipoles associated with the confined quantum dot states act aseffective
spins. This particular form of the interaction Hamiltonian is desirable because all classical bit states are the
eigenstates of this interaction, so that there is no undesirable time evolution of the quantum states. Meanwhile,
application of an appropriateπ pulse (or its fraction) to the target qubit can induce a time evolution which
corresponds to the action of the XOR gate.

The overall Hamiltonian of the system is given by

Ĥ(t) =


− h̄(ωc+ωt+J)

2 −µt E(t) −µcE(t) 0

−µt E(t)
h̄(−ωc+ωt+J)

2 0 −µcE(t)

−µcE(t) 0 h̄(ωc−ωt+J)
2 −µt E(t)

0 −µcE(t) −µt E(t)
h̄(ωc+ωt−J)

2

 . (6)

Hereµc,t is the dipole matrix element between states|0〉 and|1〉 in the control (target) qubit, andE(t) is
the optical field used to drive the gate. Using eqn (6) we can construct an energy diagram for two interacting
dots in the absence of the field. This is shown in Fig. 2, where we have assumed thatωc > ωt . When the
control dot is in state|1〉, the resonant frequency for the target dot becomes

ω′t =
E11− E10

h̄
= 1

2
(ωc + ωt − J)− 1

2
(ωc − ωt + J) = ωt − J. (7)

As a result, aπ pulse of frequencyωt − J causes the transition|1〉 → |0〉 only provided that the control dot
is in state|1〉 (see Fig. 2). In order to be able to determine the state of the system experimentally, the coupling
constant has to be relatively large so that

1ω ≡ ωt,c − J ≤ 0, (8)

where0 is the line broadening due to interaction with phonons, impurities, etc. The probability of spontaneous
transitions has also to be small. The latter will be discussed in Section 5.
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4. Calculation of dipoles and coupling constants

In order to determine the electron wavefunctions, confined energies, and dipoles for each quantum dot, we
use the envelope function approximation. The three-dimensional confinement potential can be written as

U (x, y, z) = Ux(x)Uy(y)V(z), (9)

whereV(z) is a finite quantum-well profile along the growth direction, and theUx,y are assumed to be infinite
potential barriers in the normal plane. Neglecting excitonic effects, we may write the envelope function of
a conduction band electron confined by the potential of eqn (9) as9 = φ(x)ψ(y)χ(z), whereφ(x), ψ(y)
are regular particle-in-a-box states, andχ(z) is the envelope along the growth direction to be determined
numerically. Since the confinement potential is modified along thez-direction, the relevant properties of the
dot will be mostly defined byχ(z). This component of the wavefunction is found using the transfer matrix
method [22] which allows us to take into account the potential profile variation and wavefunction barrier
penetration. The dipoles due to the uneven charge distributions (see eqn (2)) in thec andt dots can now be
rewritten as

pc,t =
∫ Wc,t/2+1

−Wc,t/2−1
χc,t (z)zχ

∗
c,t (z)dz. (10)

Material parameters used in simulations correspond to GaAs. The electron effective mass is assumed to be
0.067m0, wherem0 is the free electron mass. The relative permittivity of GaAs is taken to be 10.9.

The charge density distributions for the first two confined states together with their corresponding confined
energies, dipole moments and the profile of the confinement potential along the growth direction are shown in
Fig. 3. The height of the potential step approximately corresponds to the heterojunction band offset between
GaAs and Al0.2Ga0.8As. As one can see, the dipoles due to the uneven charge distributions along the growth
direction are equal in absolute values but opposite in directions. The chosen potential profile gives a much
better control of the equalitypexcited= −pgroundthan the simple step well profile. It is interesting to note here
that the dot size can be scaled up to a certain extent while keeping the ground state and the excited state dipoles
equal in their absolute values. This is an important capability since (i) the resonance frequencies of the dots
should be different:ωc 6= ωt ; and (ii) this allows for the tuning of the dipole–dipole coupling constantJ. One
should note here, that it is almost impossible to meet the condition of eqn (3) for the simple symmetric dot
(well) structure biased with an electric field. Fig. 4 shows such a structure biased with anE = 50 kV cm−1

electric field. As one can see, the dipoles due to the uneven charge distribution are very different in their
values (pground= −12 e–Å andpexcited= 1.5 e–Å) so that the Ising-like interaction model is not applicable.

Using eqns (5) and (10), we have calculated the dipole–dipole interaction coupling constant for two asym-
metric quantum dots with the potential profile shown in Fig. 3 (the lowest panel). The coupling constantJ
as a function of the effective sizeW of the dot is presented in Fig. 5. The solid curves correspond to the case
when the size of both dots is scaled up, while the dashed curves corresponds to the case when the control dot
size is fixed at 100 Å and only the target dot size is changed. The results are presented for several different dot
separation distances. The curves denoted by letters A, B are plotted for dots grown on top of a substrate and
are thus separated by air (εr = 1). The dash-dotted curve C corresponds to two dots separated by a material
with εr = 10.9 when both dot sizes vary.

Rather large values of the coupling (as compared to the broadening) constant allow for experimental
resolution of different quantum states. It also reduces the requirements for theπ/N pulse selectivity. The
length of the pulseτπ has to be in the range specified by the condition below

1

J
< τπ < τcoh, (11)

whereτcoh is the quantum coherence time, which depends on the system structure and temperature. For the
time allowed for computation (τcoh), we want to use as many driving pulses as possible for increasing the
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Fig. 3.Charge density distribution in the asymmetric quantum dot. Results are shown for the ground (upper panel) and first excited states
(middle panel). Dipole moments due to the asymmetricity of the distributions are equal in absolute values but opposite in directions. A
potential profile which creates such charge density distributions is shown below (lower panel).

number of computations. Since it is difficult to increase the upper limit of the inequality (11), we may try
to decrease the lower limit. For the asymmetric dot implementation, the inverse of the coupling constant is
on the order of 2.5× 10−14 s. For comparison, the number obtained in Ref. [5] for the gate based on square
potential quantum dots biased with an electric field is of the order of 10−12 s. This means that in our XOR
gate driven with a femtosecond laser, it is possible to have a sufficient number of qubit manipulation steps.
The only technological problem left here is the search for a femtosecond laser in the appropriate frequency
range (intersubband transitions).

5. Quantum coherence requirements

It is well-known that a quantum computing algorithm can be implemented only if the quantum coherence
of the system is preserved during the time of computationτcom: τcom ≤ τcoh. Here we estimate the limit of
τcoh, considering the dominant decoherence processes relevant to the proposed implementation. Under the
assumption of having high quality structures at low temperatures, we may expect that the decoherence of our
system occurs by spontaneous transitions between intersubband states which serve as the computational basis.
These transitions include both radiative and non-radiative processes, which have been well studied for coupled
asymmetric quantum well structures [23, 24]. In general, for quantum wells, the nonradiative lifetime of the
transition (|1〉 → |0〉) is on the order of 0.1–10 ps while the radiative lifetime is on the order of 10–100 ns [23].
To our knowledge, the study of relaxation processes in quantum dots has not been completed. It remains a
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Fig. 4. Charge density distribution in the symmetric quantum dot biased with an electric field. Results are shown for the ground (upper
panel) and first excited states (middle panel). Dipole moments induced by the electric field are very different in absolute values. A
potential profile is shown below (lower panel).

subject of debate, particularly regarding the effect of the ‘phonon bottleneck’ on the carrier relaxation rates
[25, 26]. It is generally believed, however, that the level quantization in quantum dots slows carrier relaxation
toward the ground state and thus may increase the coherence time of our basic states.

Here, we evaluate the spontaneous radiative lifetimeτ r
sponand electron–phonon scattering time for a given

geometry of our XOR gate structure.τ r
sponcan be found as [27]

1

τ r
spon
= nr e2E2

i, j

2πε0c3m0h̄2 fi, j , (12)

wherenr is the refractive index,c is the speed of light,Ei, j is the intersubband separation energy between
statesi and j , and fi, j is the oscillator strength given by

fi, j ≡ 2m0Ei, j

h̄2 |〈 j |z|i 〉|2. (13)

We use eqns (11)–(13) to calculateτ r
spon for transitions between the ground and the first excited states

(i = 0, j = 1), and determine how it changes for different potential profiles. The results of the numerical
simulations are presented in Table 1.

We can estimate the lifetime of the basic states limited by the non-radiative transitions using the formalism
of Ref. [28]. It follows that phonon emission rate by an electron in the statei is given as

1

τph
= 2π

h̄

∑
f,q

α2(q)|〈9 f |e−iqr |9i 〉|2δ(E f − Ei + Eq)[N0(T, Eq)+ 1], (14)
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where the sum extends over all possible final-electron quantum numbersf and phonon wavevectorsq,
N0(T, Eq) is the Bose–Einstein distribution function,Eq is the energy of a phonon with wavevectorq, T is
the temperature, andα is the coupling constant. An analogous expression can be written for phonon absorption.
One has to consider the coupling of electrons to longitudinal acoustic (LA) phonons via deformation potential
and Fröhlich interaction between the electron and longitudinal optical (LO) phonons. These two mechanisms
are expected to be dominant for our structure although much weaker than in the bulk. Interaction with
longitudinal optical phonons in the quantum dot structure occurs when the level separation is close to the LO
phonon energȳhωL O. In our calculations we assume thath̄ωL O ≈ 36 meV. The expressions for the coupling
constants are given in Ref. [28]. We perform the calculations with the material parameters which correspond to
GaAs/AlGaAs system. The numerical simulation forT = 4 K shows thatτph ≈ 10−8–10−7 for a 200 Å wide
quantum dot structure, which is comparable to the radiative relaxation time. For higher temperatures, the
non-radiative relaxation is stronger andτph < τ r

spon. Having these numbers in mind, let us assume that we
use 100 fs laser pulse to drive our gate. Taking the average coupling constant from Fig. 5 and assuming that
τcoh ≈ 10−9 < min{τph, τ

r
spon}, we can see that inequality eqns (11) holds: 10−14 < 10−13 < 10−9 for our

gate. Thus, the strong coupling allows us to use fast laser pulses for optical driving of the quantum XOR gate
and perform many computations during the timeτcoh provided that the temperature is sufficiently low.

6. Conclusions

We propose an implementation of the quantum XOR gate based oncoupled asymmetricquantum dots. The
structure can be realized using state-of-the-art nanotechnology. The qubit preparation and manipulation is
achieved by application of proper trains ofπ pulse fractions. The results of our numerical simulations show
that the coupling constant of the dipole–dipole interaction in asymmetric dots can be tuned over a wide range
by the choice of the potential profile, separation distances, and material parameters of the dots. This provides
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Table 1: Spontaneous radiative lifetime
vs. asymmetric dot size.

W, (Å) τ r
spon(s)

50 7.0×10−9

100 5.0×10−8

125 8.8×10−8

150 1.2×10−7

175 1.6×10−7

200 1.8×10−7

conditions for having the Ising-type interaction between the dots. The latter can be achieved more easily in
our structure than in earlier proposed schemes based on symmetric quantum dots biased with an electric field.
We also examine quantum coherence requirements for the operation of the quantum gate. Finally, we argue
that our gate can be driven by a femtosecond laser if one is designed for an appropriate frequency range.
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